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Unsteady Forces on a Two-Dimensional Wing
in Plunging and Pitching Motions
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Unsteady � uid dynamic forces acting on a two-dimensionalwing in sinusoidal plunging and pitching motions in
still water were measured. The measured � uid dynamic forces were larger than those estimated by quasi-steady
analysis, where the effect of unsteady separated vortices on the � uid dynamic forces is not considered. Vortex
capture is a phenomenon related to the larger � uid dynamic forces in wing motion that is similar to wing motion
of real insects. By using the measured � uid dynamic forces, we identi� ed combinations of plunging and pitching
motions for maximum time-averaged thrust and for maximum ef� ciency.

Nomenclature
a = dimensionless position of the rotational axis

of the pitching motion
b = span length of the wing immersed in water
C`; Cd = lift and drag coef� cients
Cn ; Ct = normal and tangential force coef� cients
CX ; CZ = force coef� cients in X and Z directions
c = chord length
c = chord vector
Fn ; Ft = � uid dynamic forces normal and tangential

to airfoil chord
FX ; FZ = � uid dynamic forces in X and Z directions
Fx ; Fz = forces in x and z directions
f = frequency of both pitching and plunging motions
h = displacementof plunging motion
ha = amplitude of plunging motion
k = reduced frequency
L X ; LY ; L Z = size of the water tank
Mx ; My ; Mz = moments around x , y, and z axes
NP = power
Re = Reynolds number
r = distance between 75% chordwise position

and the rotational axis, expressed as Eq. (16)
T = period of one cycle of motion
t = time
t=c = thickness ratio of wing
U = uniform velocity
Vin = in� ow velocity
Nv = time-averaged induced velocity
X; Y; Z = orthogonal Cartesian system � xed

on the water tank
x; y; z = coordinate system � xed on the wing
® = pitching angle
®r = angle between c and Vin
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®0 = mean pitching angle
®1 = amplitude of pitching motion
Q® = instantaneousangle of attack, expressed

in Eq. (18)
1 = error
´ = ef� ciency
º = kinematic viscosity
½ = density
Á = phase difference between plunging

and pitching motions
NÁ = value of Á

N = time-averaged value
Q = force or moment acting on a load cell

Subscripts

A = forces due to added mass
C = circulatory forces
qs = values determined by quasi-steadyanalysis

Introduction

I T was � rst proposedby Weis-Fogh1 that certain insects generate
larger� uiddynamicforcesin hovering� ightthan thoseestimated

by quasi-steadyanalysis.2 (Quasi-steadyanalysis is basedon the po-
tential � ow theory,where the unsteadyeffect on the wing circulation
is ignored.) Later research justi� ed Weis-Fogh’s hypothesis about
the � ight of real insects.3¡5 Furthermore, studies involving three-
dimensional or two-dimensional model wings were done to clarify
the mechanismthat generates these large � uid dynamic forces. Two
such studies involving three-dimensional � apping wings were by
Ellington et al.6 and by Dickinson.7 Ellington et al.6 did � ow visu-
alization for a three-dimensional � apping wing and found that the
spanwise � ow stabilizes the leading-edgevortices,causinghigh lift.
Dickinson7 measured the instantaneous� uid dynamic forces acting
on a three-dimensional � apping wing and explained that the large
� uid dynamic forces are due to three phenomena: 1) delayed stall,
2) rotational circulation, and 3) wake capture.

In three-dimensional � apping wings, a wing section (blade ele-
ment) parallel to a � apping axis makes plunging and pitching mo-
tions. Studies involving two-dimensional wings undergoing such
motions were conducted by Dickinson and Götz,8 Dickinson,9

Freymuth,10 Gustafson and Leben,11 and Gustafson et al.12;13 Note
that the two-dimensionalwings correspond to a wing section in the
three-dimensional� appingwing. The � uid dynamic forcesobtained
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in these studies were larger than those estimated by quasi-steady
analysis.Dickinsonand Götz8 measured the instantaneous� uid dy-
namic forces acting on a two-dimensional wing just after an im-
pulsive start. The cause for high lift in this wing motion is delayed
stall and vortex capture. Dickinson9 also measured the instanta-
neous � uid dynamic forces acting on an impulsively started two-
dimensional wing just after rotational motion. The main cause for
high lift in this wing motion is wake capture, when the wing trans-
lates backward through a wake generated by the previous stroke.
Freymuth10 studied a wing undergoing sinusoidal plunging and
pitchingmotions.He measured the velocity� eld aroundthe wing by
using pitot tubes and then determined the time-averaged thrust by
combining the measured velocity distribution with simple momen-
tum theory.In addition,hevisualizedthe � ow aroundthe wingbyus-
ing a titanium–tetra–chloride method.14 Using computational � uid
dynamics analysis, Gustafson and Leben11 and Gustafson et al.12;13

con� rmed that the time-averaged thrust generated by a wing un-
dergoing sinusoidal plunging and pitching motions is larger than
that calculatedby quasi-steadyanalysis.The studiesby Freymuth,10

Gustafson and Leben,11 and Gustafson et al.12;13 provide no details
of the instantaneous� uid dynamic force.

In our experiments,we used a load cell with straingauges to mea-
sure directly the instantaneousforces acting on a wing undergoinga
plungingmotion coupledwith a pitchingmotion. By using the mea-
sured � uid dynamic forces, we identi� ed the combinationsof these
two motions for maximum time-averaged thrust and for maximum
ef� ciency. In addition, we did � ow visualization to understand the
relationbetween the � ow around a wing and the � uid dynamic force
acting on the wing.

Experimental Apparatus and Procedure
Measurement System

Figures 1a and 1c show top and side views of the experimental
apparatus,and Fig. 1b shows the top view of the wing. The measure-
ment system includeda wing, a water tank, two servomotors (A and
B), a load cell (LMC 3729-1N; Nissho Electric Works), two strain
ampli� ers (one each for the two components of forces, Fx and Fz ),
and two computers. One computer controlled two servomotors A
and B, and the other collected the signals indicating the time varia-
tion in the forcesmeasuredby the load cell and two strain ampli� ers.

In the water tank, the wing moved in a combination of plunging
and pitchingmotions. The pitchingmotion was generated by servo-
motor A, whose axis was parallel to the rotationaxis of the pitching
motion. Pitching angle is de� ned in Fig. 1b.

The plunging motion was generated by servomotorB. When ser-
vomotor B in tower 2 rotated plate 2 around the axis of servomotor
B, the followingmotions occurred: 1) The plunging table slid in the
X direction.2) Rod 3, which was connectedperpendicularlyto plate
2, rotatedaroundthe axis of servomotorB. 3) Rod 2, which was con-
nected to rod 3 via a joint, and plate 1 rotated around rod 1, which
was connected perpendicularly to plate 1 via a bearing. When the
angularvelocityof servomotorB was constant, the plungingmotion
was perfectly sinusoidal.

The wing we used had a rectangular airfoil section (Fig. 2) in
which the chord length c was 28.3 mm, the thickness ratio t=c
was 5%, and the span length was 300 mm. The rotation axis of the
pitchingmotion was locatedat x D a.c=2/. The valueof a was ¡0:5
and 0 when the rotation axis of the pitching motion was at the 25
and 50% chordwise position, respectively.The wing was immersed
to a depth b of 280 mm in the water tank, with part of the wing
remaining above the water surface.

The size of the water tank was L X D L Z ’ 3000 mm ’ 75ha ,
where ha is the amplitude of the plunging motion as indicated by
Eq. (1), and LY ’ 360 mm ’ 1:3b, where b is the span length of
the wing immersed in the water. The values of L X =ha D L Z =ha and
LY =b were suf� ciently large so that the wall effect of the tank could
be ignored. The value for b=c ’ 10 was suf� ciently large so that we
assumed (assumption 1) that both the three-dimensionaleffect due
to the � nite value of b=c on the � uid dynamic forces acting on the
wing and the effect of the wave on the water surface on these forces
were relatively small and, therefore, could be ignored.

a) Top view

b) Top view of wing

c) Side view

Fig. 1 Apparatus used to measure the � uid dynamic force of a two-
dimensional wing undergoing plunging and pitching motions.

Fig. 2 Wing-section shape.

The load cell can measure Fx , Fz , and My . The output signals
of Fx , Fz , and My from the load cell are determined by the � ve
components of forces and moments acting on the load cell, that is,
QFx , QFz , QMx , QMy , and QMz . However, the output signals of Fx and Fz

were nearly equal to the forces acting on the load cell, QFx and QFz ,
respectively.

The load cell and two strain ampli� ers with a low-pass � lter,
whose cutoff frequency was 1 Hz, were used to measure the � uid
dynamic forces on the wing. This measurement system caused a
time delaybetween the real � uid dynamic forcesand their measured
values. We have compensated for this time delay.

The forces measured by this system consisted of the � uid dy-
namic normal force in the z direction, Fn , tangential force in the
x direction, Ft , and inertial normal and tangential forces resulting
from the motion of the wing. The inertial forces of the wing mov-
ing through the water were directly measured in the same manner
used for the wing moving through air because the inertial forces
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in air were much larger than the � uid dynamic forces in air. We
determined Fn and Ft by subtracting the inertial forces measured in
air from the forces measured in water.

Flow Visualization
Aluminum dust was sprinkled over the water surface to make the

� ow patterns around the wing visible on the water surface.

Reynolds Number and Reduced Frequency
The motion of the wing consisted of both a plunging motion h

in the ¡X direction and a pitching motion ® about the rotation axis
and is expressed as

h D ha sin.2¼ f t/; ® D ®0 C ®1 sin.2¼ f t C Á/ (1)

Table 1 lists the values of these parameters used in our measure-
ments.

We measured the periodic force after about 1 min (12 cycles) of
wing motion. The Reynolds number Re and reduced frequency k
are based on c, f , and the maximum plunge speed 2¼ f ha and are
expressed by

Re D 2¼ f hac=º D 103

k D .2¼ f /c=2.2¼ f ha/ D c=2ha D 0:35 (2)

These valuesof Re and k agreewell with those in the hovering� ight
of a dragon� y.15 The k is determined here only by the chord length
c and the amplitude of plunging motion ha and not by frequency f .
However, k indicates an unsteady effect of wing motion on � uid
dynamic force acting on a wing as follows. Because the bound
vortices distribute evenly on the airfoil, the length of the bound
vortex sheet is given by c, and the length of the shed vortex sheet
generated during one cycle of motion is 2ha . Therefore, the ratio
between c and ha represents the interference effect between the
bound vortices and the shed vortices. This interference effect is the
unsteady effect of wing motion on the � uid dynamic forces acting
on the wing. Note that the reduced frequency for a wing during
unsteady motion in uniform � ow,2 k D ¼ f c=U , also indicates the
ratio between the chord length c and the length of the shed vortex
sheet generated during one cycle of wing motion, U= f .

Instantaneous Fluid Dynamic Force Coef� cients
The instantaneous force coef� cients CZ and CX are obtained by

nondimensionalizingthe total � uid dynamic forces in the Z and X
directions, FZ and FX , by a constant force ½.¼ f ha/2bc as follows:

CZ D FZ =½.¼ f ha/2bc

D .Fn cos ® ¡ Ft sin ®/=½.¼ f ha/2bc (3)

CX D FX =½.¼ f ha/2bc

D .Fn sin ® C Ft cos®/=½.¼ f ha/2bc (4)

Table 1 Wing-motion parameters

Parameter Value

f , 1/s 1:2=2¼.D0:19/
ha , mm 40.D1:4c/
®0, deg 0, 30, 60, 90
®1, deg 30, 60, 90
Á, deg 0, 45, 90, 135, ¡45, ¡90, ¡135, ¡180
a 0, ¡0.5

Table 2 Relations of ÅCZ and between the symmetrical wing motions

®0 a NCZ .a; Á/; ´.a; Á/ Equation

Any value 0 NCZ .a D 0; Á D NÁ/ D ¡ NCZ .a D 0; Á D NÁ § 180 deg/ (26)
´.a D 0; Á D NÁ/ D ´.a D 0; Á D NÁ § 180 deg/

0 Any value NCZ .a; Á D NÁ/ D ¡ NCZ .a; Á D NÁ § 180 deg/ (27)
´.a; Á D NÁ/ D ´.a; Á D NÁ § 180deg/

Any value Values as indicated in Eqs. (28) NCZ .a D 0:5; Á D NÁ/ D ¡ NCZ .a D ¡0:5; Á D NÁ § 180 deg/ (28)
´.a D 0:5; Á D NÁ/ D ´.a D ¡0:5; Á D NÁ § 180 deg/

For comparison with those values obtained by Freymuth,10 as de-
� ned later [Eq. (5)], these time-averaged values were nondimen-
sionalized by using the mean square velocity.

Time-Averaged Force Coef� cients
The time-averaged force coef� cients NCZ and NCX are

NCZ D 1
T

T

0

CZ dt; NCX D 1
T

T

0

CX dt; T D 1
f

(5)

where NCZ corresponds to CT used by Freymuth.10

Ef� ciency
In accord with to simple momentum theory,16 the time-averaged

induced velocity in the ¡Z direction, Nv, is given by

Nv D
NFZ

2j NFZ j
j NFZ j
½hab

(6)

Ef� ciency ´ is given by

´ D
NFZ Nv
NP

D
j NFZ j1:5

2
p

½hab NP
(7)

where NP is the power requiredfor a plungingmotion and is given by

NP ’ 1
T

T

0

PhFX dt (8)

This equation assumes (assumption 2) that the power required for
pitching motion is much smaller than that for plunging motion and,
thus, can be ignored.

Relation of ÅCZ and Between Symmetrical Wing Motions
When a D 0 or when ®0 D 0, the wing motions of Á D NÁ are sym-

metrical to those of Á D NÁ §180 deg about point O . Therefore,Eqs.
(26) and (27) in Table 2 are satis� ed.

The pitching axis was located at the 50% (a D 0) or 25%
(a D ¡0:5) chordwise position, as stated earlier. The � uid dynamic
forces in the wing motion for a D 0:5, when a pitching axis is lo-
cated at 75% chordwise position, can be estimated from those for
a D ¡0:5 by using Eqs. (28) in Table 2. These equations are ob-
tained from the symmetry between the wing motions of a D 0:5 and
Á D NÁ and those of a D ¡0:5 and Á D NÁ § 180 deg about point O .

Quasi-Steady Analysis
Here we discuss the application of quasi-steady analysis based

on linear theory for an unsteady wing2 to our present experiments.
Note that the effect of separated vortices on � uid dynamic forces is
not considered in this quasi-steadyanalysis.

In quasi-steady analysis, the � uid dynamic forces acting on a
wing, FZ ;qs and FX;qs, are composedof noncirculatoryforces due to
addedmass, FZ ;A and FX;A , and circulatoryforcesdue to circulation
of a wing, FZ ;C and FX;C , as follows:

FZ ;qs D FZ ;A C FZ ;C ; FX;qs D FX;A C FX;C (9)

Noncirculatory Forces Due to Added Mass
The theoretical normal force due to added mass acting on a two-

dimensional wing with zero thickness17 is

Fn;A D 0:25¼½bc2. Rh sin ® C Ph cos ® P® ¡ 0:5ac R®/ (10)
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The instantaneous forces due to the added mass on a two-
dimensional wing with t=c D 0:05 in the Z and X directions are
approximated by

FZ ;A D Fn;A cos ®; FX;A D Fn;A sin ® (11)

These forces are nondimensionalized by the constant force
½.¼ f ha/2bc in the Z and X directions, and the coef� cients for
the � uid dynamic forces due to added mass are de� ned as

CZ ;A D FZ ;A=½.¼ f ha/2bc

D .0:25=¼/ c . f ha/2 cos ®. Rh sin ® C Ph cos ® P® ¡ 0:5ac R®/

(12)

CX;A D FX;A=½.¼ f ha/2bc

D .0:25=¼/ c . f ha/2 sin®. Rh sin ® C Ph cos ® P® ¡ 0:5ac R®/

(13)

The time-averaged value of CZ ;A is given by

NCZ ;A D 1
T

T

0

CZ ;A dt (14)

Circulatory Forces Due to Circulation of Wing
In linear theory, circulation of a two-dimensional wing is deter-

mined by in� ow velocity at the 75% chordwise position, Vin . The
in� ow velocity Vin in the X – Z coordinate system is composed of
the velocity due to wing motion and the induced velocity Nv and is
given by

Vin D . Ph C rc P® sin ®; ¡Nv C rc P® cos®/ (15)

where r is the distancebetween the 75% chordwise positionand the
rotational axis x D a.c=2/ and for cases when edge A is a leading
edge is given by

r D ¡0:5a C 0:25 (16a)

and for cases when edge B is a leading edge is given by

r D ¡0:5a ¡ 0:25 (16b)

For Vin, the circulatory forces due to circulationof a wing FZ ;C and
FX;C are given by

FZ ;C D 0:5½jVin j2bc[C`. Q®/ cos. Q®/ ¡ Cd. Q®/ sin. Q®/]

FX;C D 0:5½jVin j2bc[C`. Q®/ sin. Q®/ C Cd . Q®/ cos. Q®/] (17)

where C`. Q®/ and Cd. Q®/ are lift and drag coef� cients, respectively,
which arede� ned for a wingmovingat a constantvelocityfor a � xed
angle of attack Q®. Values for these coef� cients are shown in Fig. A1
in the Appendix. The angle of Q® corresponds to the instantaneous
angle of attack of the wing at the 75% chordwise position and is
given by

Q® D ® ¡ ®r D ® ¡ cos¡1 .c; Vin/

jcjjVin j
(18)

where c is a chord vector from edge B toward edge A. The circu-
latory � uid dynamic forces FZ ;C and FX;C are nondimensionalized
by the constant force ½.¼ f ha/2bc, and the coef� cients are de� ned
as follows:

CZ ;C D FZ ;C =½.¼ f ha/2bc; CX;C D FX;C =½.¼ f ha/2bc (19)

In quasi-steadyanalysis, the � uid dynamic forces FZ ;qs and FX;qs

are obtained by using Eqs. (9–11) and Eqs. (15–18), respectively,
and are nondimensionalizedby the constant force ½.¼ f ha/2bc as
follows:

CZ ;qs D FZ ;qs=½.¼ f ha/2bc D CZ ;C C CZ ;A

CX;qs D FX;qs=½.¼ f ha/2bc D CZ ;C C CZ ;A (20)

a) 0 = 0 deg

b) 0 = 30 deg

c) 0 = 60 deg

d) 0 = 90 deg

Fig. 3 Time-averaged thrust coef� cient ÅCZ for a = ¡ 0 5. (Values in
brackets are the values of .)

The time-averaged force coef� cients NCZ ;qs and NCX;qs are

NCZ ;qs D 1
T

T

0

CZ ;qs dt ; NCX;qs D 1
T

T

0

CX;qs dt (21)

We compared coef� cients CZ ;qs and CX;qs with those obtained
from our present measurements,CZ and CX , respectively.The dif-
ferencebetweenCZ and CZ ;qs or that between CX and CX;qs indicate
the reliabilityof the quasi-steadyanalysisfor the wing motions stud-
ied here.
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Experimental Uncertainty
When measurements were repeated about a wing motion, the

scatter in the data for measured Cn and Ct was 1Cn and 1Ct , res-
pectively.The maximum scatterwas about§0:2, thus causingan er-
ror 1 NCZ in NCZ . In all of our measurements,1 NCZ was less than 0.25:

1 NCZ D 1
T

T

0

.§1Cn sin ® § 1Ct cos ®/ dt < 0:25 (22)

When this value of 1 NCZ .< 0:25/ is compared to the values of NCZ

shown in Figs. 3, 1 NCZ is much less than NCZ for a lot of wing mo-
tions. Therefore, the 1 NCZ does not affect the conclusions stated
later about NCZ .

We estimated the error in 1´=´ caused by 1Cn and/or 1Ct as
follows:

1´

´
D 1 C

T

0

.§1Cn cos ® § 1Ct sin ®/

.Cn cos ® ¡ Ct sin ®/
dt

1:5

1 C
T

0

Ph.§1Cn sin ® § 1Ct cos ®/

Ph.Cn sin ® C Ct cos ®/
dt (23)

We estimated ´ by assuming an error 1´=´ < 0:25, except when
®0 D ®1 D 90 deg and Á D §90 deg.

Results and Discussion
The time-averagedthrust coef� cient NCZ when a D ¡0:5 is shown

in Figs. 3. For conciseness, only the results for Á D 0; 45; 90, and
135 deg are shown in Fig. 3a. The results for Á < 0 can be obtained
from the preceding results by using Eqs. (26) and (27) (Table 2).
For conciseness, NCZ when a D 0 are not shown.

The NCZ was maximum (about 4) for the wing motion where
a D ¡0:5; ®0 D ®1 D 90 deg, and Á D 0 deg. Ef� ciency for this wing
motion is also fairly high (´ ’ 0:8), as shown later. Such ef� ciency
makes this motion relevant to the development of small-scale � uid
machinery.

Fig. 4 Maximum time-averaged thrust (a = ¡ 0 5 0 = 1 = 90 deg,
= 0 deg): a) time variation of X/h0 = ¡ h h0 , b) time variation of
, and c) time variation of � uid dynamic force coef� cients in the Z

direction, CZ, CZ A , CZ C and CZ qs.

In this wing motion, the time variationsof X=h0 D ¡h=h0 and ®
and those of CZ , CZ ;A , CZ ;C , and CZ ;qs are shown in Figs. 4a, 4b,
and 4c, respectively.Figure 4c shows that the measured value CZ is
much larger than the quasi-steadyestimationCZ ;qs.D CZ ;C C CZ ;A/.
Therefore, quasi-steady analysis cannot explain our measurement
results obtained for this wing motion.

The ef� ciency ´ when a D ¡0:5 is shown in Fig. 5. For concise-
ness, only the results for Á D 0, 45, 90, and 135 deg are shown in
Fig. 5a. The results for Á < 0 can be obtained from the preceding

a) 0 = 0 deg

b) 0 = 30 deg

c) 0 = 60 deg

d) 0 = 90 deg

Fig. 5 Ef� ciency for a = ¡ 0 5. (Values in brackets are the values
of .)
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results by using Eqs. (26) and (27) (Table 2). For conciseness, ´
when a D 0 are not shown.

The ´ was maximum (about 1) for the wing motion where
a D ¡0:5; ®0 D ®1 D 90deg,andÁ D 45deg.Note thattheef� ciency
´ was calculatedunder assumption2 and that the values of ´ proba-
bly decrease when the power consumed for pitching motion is also
taken into account. The NCZ for this wing motion is about 2.8, as
shown in Fig. 3d. This value is not small compared with those for
the other motions shown in Figs. 3. Both the NCZ and ´ for this wing
motion are fairly high, and therefore, this wing motion can be used
in small-scale � uid machinery.

Here, the wing motions for ®0 D ®1 D 90 deg and Á D §90 deg
were excluded because the ef� ciency could not be estimated with
high accuracy. However, the exclusion of these wing motions is
not a serious problem because these motions, whose time-averaged
thrust is small ( NCZ ’ 0:5) as shown in Fig. 3d, are not relevant to
small-scale � uid machinery.

For the wing motion, where a D ¡0:5; ®0 D ®1 D 90 deg, and
Á D 45 deg, for the maximum ef� ciency, the time variations of ®,
those of CZ , CZ ;A, CZ ;C , and CZ ;qs, and those of CX , CX;A , CX;C ,
and CX;qs, are shown in Figs. 6a, 6b, and 6c, respectively.The time
variation of X=h0 D ¡h=h0 for this wing motion is shown in Fig.
4a. The time variation of CX;C has kinks at about t=T ’ 0:37 and
0.87, as shown in Fig. 6c. The reason for these kinks is as follows.
At these moments, the pitching angle ® is 0, and the leading edge
changesfromedgeA to edgeB. The valueof r in Eq. (16), that is, the
in� ow velocity Vin in Eq. (15), abruptly changes at these moments.
This abrupt change causes the kinks of the time variation of FX;C

calculated by Eq. (17). At these moments, the sign of the values of
FZ ;C changes, and the values of jFZ ;C j are smaller than those at the
other moments. Therefore, the kinks in FZ ;C are not evident at the
moments in Fig. 6c.

In Figs. 6b and 6c, the discrepancy between CZ ;qs.D CZ ;A C
CZ ;C / and CZ and that between CX;qs.D CX;A C CX;C / and CX

show that quasi-steady analysis cannot explain our measurement

Fig. 6 Maximumef� ciency (a = ¡ 0 5 0 = 1 = 90 deg, = 45 deg):
a) time variation of , b) time variations of � uid dynamic force coef� -
cients in the Z direction, CZ, CZ A , CZ C , and CZ qs, and c) time variations
of � uid dynamicforce coef� cients in the X direction, CX , CX A , CX C , and
CX qs.

results obtained for this wing motion. In contrast, similarity ex-
ists between CZ ;A and CZ , (Fig. 6b), and between CX;A and CX

(Fig. 6c), when 0 < t=T < 0:1; 0:4 < t=T < 0:6, and 0:9 < t=T < 1.
The � uid dynamic forces due to added mass, CZ ;A and CX;A ,
might be the dominant forces acting on the wing in this mo-
tion when 0 < t=T < 0:1; 0:4 < t=T < 0:6, and 0:9 < t=T < 1. This
dominancemakes NP smallerand, as a result,´ higherbecausepower
NP is calculatedfrom FX and Ph, as indicated by Eq. (8), and because
FX;A is nearly proportional to Rh, as indicated by Eqs. (10) and (11).
Note that

1
T

T

0

Ph Rh dt D 0

The comparison among our results, experimental results by
Freymuth,10 and numerical results by Gustafson et al.12;13 for the
time-averaged thrust coef� cient NCZ is shown in Fig. 7a for
®0 D 0 deg, Á D 90 deg, and a D 0 and in Fig. 7b for ®0 D 90 deg,
Á D 90 deg, and a D 0. Clear differencesare observed in Fig. 7. The
differencesin parameters among the three methods used in the three
respective studies are shown in Table 3. Freymuth10 and Gustafson
et al.12;13 used a Reynolds number of 1:7 £ 103 and a reduced fre-
quencyk D c=2ha of 0.33, differingslightlyfrom the valueswe used
in this study (103 and 0.35, respectively). Furthermore, the airfoil
shapes, the averaged thicknessof the wings, and the planformof the
wings differedamong all threemethods.However, the differencesin
NCZ among the three methods, especially the differencesseen in Fig.
7b, are thought to be too large to be explainedby these differencesin
parameters among the three methods in Table 3. Reasons for these
differences in the results among these studies are not yet clear.

a) 0 = 0 deg, = 90 deg

b) 0 = 90 deg, = 90 deg

Fig. 7 Comparison between our measurement results, the experimen-
tal results by Freymuth,10 and the analytical results by Gustafson
et al.12 13
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Table 3 Comparisons between present experiments, experiments by Freymuth,10 and numerical calculations
by Gustafson et al.12 13

Parameter Present experiments Freymuth10 experiments Gustafson et al.12;13 calculations

Airfoil shape Rectangle, 5% thickness Rectangle, 6.7% thickness, Ellipse, 15% thickness
round edges

Averaged airfoil/wing thickness,% 5 6.2 23.5
Re 103 1:7 £ 103 1:7 £ 103

Planform Rectangle, AR D 10 Rectangle, AR D 12 Two dimensional

Fig. 8 Time variationsof force coef� cients in the Z direction, CZ (——)
and CZ qs (– – –), and their averaged values, ÅCZ (——) and ÅCZ qs (– – –),
when 0 = 90 deg, 1 = 60 deg, and = ¡ 90 deg: a) time variation of ,
b) a = ¡ 0 5, c) a = 0, and d) a = 0 5.

Figure 8 shows our results for the wing motion of ®0 D 90 deg,
®1 D 60 deg, and Á D ¡90 deg. Freymuth10 called this type of wing
motion mode 2 hovering. Figure 8a shows the time variation of
®, and Fig. 4a shows that of X=h0 D ¡h=h0 for this wing motion.
Figures 8b, 8c, and 8d show the time variations of CZ (solid line)
and CZ ;qs (broken line) when a D ¡0:5; 0, and 0:5, respectively.
The time-averaged values of CZ and CZ ;qs, that is NCZ (solid line)
and NCZ ;qs (broken line), are also shown in Figs. 8b–8d. In all of the
wing motions in our present experiments, the wing motion when
a D ¡0:5 is the closest to the wing motion of a real insect.15 When
Figs. 8b–8d are compared, the time-averaged thrust coef� cient NCZ

for this motion increased as a decreased:

NCZ D
1:36; for a D ¡0:5

0:94; for a D 0

0:36; for a D 0:5

(24)

This suggests that the pitchingaxis of an insectwing, which is at the
leading edge, increases the time-averaged thrust NCZ . This increase
is also predicted by the potential � ow theory,15;18 where uniform
� ow is close to 0 and k is close to 1.

For all three values of a (Figs. 8b–8d), the values of CZ differ
from those of CZ ;qs. This difference indicates that the quasi-steady
assumption is inadequate for analysis of these motions.

Figures 9a, 9b, and 9c show the � ow around the wing for the
wing motions in Figs. 8b, 8c, and 8d, respectively. The following
equations are satis� ed for these wing motions:

h.t=T D p/ D ¡h t T D 1
2

C p

®.t=T D p/ C ® t T D 1
2

C p D 180 deg; 0 · p · 1
2

(25)

The wing motion is symmetrical about the Z axis, and the � ow
around the wing at t=T D 1

2
C p is the same as that at t=T D p. In

Figs. 9a–9c, the averaged induced � ow in the ¡Z direction agrees
with the direction predicted by NCZ and simple momentum theory.

When a D 0 (Fig. 9b), vortex 1 is generated at t=T ’ 7
8

and then
travels along surface 1 during 7

8
! t=T ! 3

8 . At t=T ’ 3
8 , vortex 1,

which is close to edge B, induces� ow from surface1 toward surface
2. This � ow generatesvortex 2 on surface 2. At this moment, vortex
10 is generated from edge A and coincides with the generation of
vortex 1 at t=T ’ 7

8 .
Compared with vortex 1 in Fig. 9b, the generation of vortex 1

when a D ¡0:5 (Fig. 9a) is delayed; it is generated at t=T ’ 0 and
then travels along surface 1 during 0 ! t=T ! 3

8 . When a D 0:5
(Fig. 9c), the separatedvortex1 is generatedat t=T ’ 1

8 . At t=T ’ 1
4 ,

vortex 2 is generated close to vortex 1. At t=T ’ 3
8 , vortex 4 is

generated instead of vortices 1 and 2, and vortex 3 is generated
from edge A. Vortex 3 does not travel along the wing surface, but
separates from the wing. Therefore, vortex 3 is not observed near
the wing at t=T ’ 1

2 .
The CZ is much higher than the CZ ;qs near t=T ’ 0 or 1

2 in Figs. 8b
and 8c (CZ =CZ ;qs > 2). Figures9a and 9b show the separatedvortex
1 or 10 at thesemoments. On the other hand, a vortex is not observed
at t=T ’ 0 or t=T ’ 1

2
in Fig. 9c, and the CZ is not much larger than

the CZ ;qs in Fig. 8d. Therefore, the large values of CZ near t=T ’ 0
or t=T ’ 1

2 in Figs. 8a and 8b are strongly related to the vortex 1
or 10. Dickenson and Götz8 proposed the mechanism of high lift
enhanced by a vortex, that is, vortex capture. Vortex capture is the
phenomenonwhere a vortex generatedduringrotation is attachedto
a wing surface during the subsequent plunging motion. In Figs. 9a
and 9b, vortex 1 (or 10), which was generated by both plunging and
pitching motions, remained on the wing surface until the plunging
motion was stopped. Therefore, this behavior of vortex 1 or 10 is
similar to vortex capture.

Figure 10 shows the results for ®0 D 0 deg, ®1 D 60 deg,
Á D 90 deg, and a D 0. Freymuth10 called this type of wing mo-
tion mode 1 hovering. Figure 10a shows the time variations of ®.
Figure 4a shows the time variation of X=h0 D ¡h=h0 . Figure 10b
shows the time variation of CZ (solid line) and CZ ;qs (broken line)
and their time-averaged values, NCZ (solid line) and NCZ ;qs (broken
line). Similar to the wing motions of ®0 D 90 deg, ®1 D 60 deg, and
Á D ¡ 90 deg, the time variation of CZ differs from that of CZ ;qs,
and NCZ differs from NCZ ;qs. These differencesindicate that the quasi-
steady assumption is inadequate for analysis of this wing motion.

Figure 10c shows the � ow around the wing. The � ow around
the wing at t=T D 1

2
C p.0 · p · 1

2 / is the same as that at t=T D p
because of Eq. (25). In Fig. 10c, the averaged induced � ow is in the
¡Z direction, which agrees with the direction predicted by NCZ and
simple momentum theory.Vortex 1 is generatedat t=T ’ 0 and then
moves fromedgeA toward edgeB alongsurface1, and remainsnear
edgeB at t=T ’ 1

4 . At t=T ’ 1
4 , vortices3 and 4 also exist on surface
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a) a = ¡ 0 5

b) a = 0

c) a = 0 5

Fig. 9 Vortices generated from the wing whose motion is 0 = 90 deg, 1 = 60 deg, and = ¡ 90 deg.



1238 SUNADA ET AL.

c)

Fig. 10 Time variation of force coef� cients and � ow around the wing when 0 = 0 deg, 1 = 60 deg, = 90 deg, and a = 0: a) time variation of ; b)
time variations of force coef� cients in the Z direction, CZ (——) and CZ qs (– – – ), and their averaged values, ÅCZ (——) and ÅCZ qs (– – –); and c) vortices
generated from the wing.

1, and vortex 2 is generated on surface 2. At t=T ’ 3
8
, only vortices

1 and 2 are close to edge A, and vortices3 and 4 are separated from
the wing. The behaviors of these vortices generate CZ , which is
always larger than CZ ;qs, shown in Fig. 10b.

Conclusions
The � uid dynamic forces acting on a wing during plunging and

pitchingmotions [de� ned by Eq. (1)] were measured.The Reynolds
number for this wing was 103, and the reduced frequency was 0.35
[based on Eq. (2)]. In the analysis of the measured data, both the
three-dimensional effect due to the � nite value of b=c on the � uid
dynamic forces acting on the wing and the effect of the wave on the
water surface on them were ignored. Furthermore, in the estimate
of the ef� ciency ´, only power for plungingmotion was considered,
and power for pitching motion was ignored. The following results
were obtained from the analysis of the measured data:

1) The maximum time-averaged thrust NCZ occurred when the
pitching axis was at the 25% chordwise position, that is, a D ¡0:5,
®0 D ®1 D 90 deg, and Á D 0 deg. The maximum value of NCZ was

about 4. Ef� ciency for this wing motion was fairly high (´ ’ 0:8),
thus making this wing motion relevant in developing small-scale
� uid machinery.

2)The maximumef� ciency´ occurredwhen thepitchingaxis is at
the 25%chordwiseposition, that is,a D ¡0:5, ®0 D ®1 D 90deg,and
Á D 45 deg. The time-averaged thrust for this wing motion was also
fairly high ( NCZ ’ 3), thus making this wing motion relevant to the
development of small-scale � uid machinery. Here we excluded the
wing motions for®0 D ®1 D 90 deg andÁ D §90degbecausetheeff-
iciency could not be estimated with high accuracy. However, the
exclusion of these wing motions is not a serious problem because
these motions, whose time-averaged thrust is small ( NCZ ’ 0:5), are
not relevant to small-scale � uid machinery.

The measured � uid dynamic forces were larger than those esti-
mated by quasi-steady analysis of the wing motion for a D ¡0:5;
®0 D 90 deg, ®1 D 60 deg, and Á D ¡90 deg, which is close to the
wing motion of real insects. These larger � uid dynamic forces are
strongly related to vortex capture.8 The time-averaged thrust coef-
� cient NCZ was about 1.4, and the ef� ciency ´ was about 0.4 for this
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wing motion. Neither value is relatively high. The wing motion of
an insect such as a dragon� y, which is a motion that is relatively
common among � ights of various forward speeds,15 might be de-
termined for maximizing � ight performance of a cruising � ight of
the insect.

Appendix: Steady Characteristics of a Wing
The lift and drag forces acting on a wing moving at a constantve-

locity U D 0:17 m/s for a � xed angle of attack ®, FZ .®/, and FX .®/
were measured.The ReynoldsnumberRe D Uc=º was 4 £ 103. The
coef� cients C`.®/ and Cd.®/ were obtained by

C`.®/ D FZ .®/ 1
2 ½U 2bc ; Cd .®/ D FX .®/ 1

2 ½U 2bc

(A1)

These coef� cients are shown in Fig. A1.
The Reynolds number in this measurement for a wing in steady

motion is close to Re D 103, which is the Reynoldsnumber indicated
by Eq. (2). The steady characteristicsobtainedhere were used in the
quasi-steadyanalysis for a wing undergoing unsteady motion.

Fig. A1 Steady characteristics of a � at rectangular plate with 5%
thickness at Re = 4 £ £ 103.
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